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Abstract 
In engineering careers, the study of the Differential and Integral Calculus begins in the first course of Calculus. In order to 
understand the definitions and theorems involving such contents, students need to handle symbolic and graphical representations. 
With GeoGebra, it is possible to create different interactive applications that can be used as teaching tools to illustrate math 
classes. In this paper, some animations of the fundamental concepts of Calculus are shown, emphasizing the analysis of their 
geometric interpretations. These tools were designed for the Calculus I course at the Facultad Regional San Nicolás, Universidad 
Tecnológica Nacional, Argentina. 
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1. Introduction 
As today's students were born in the digital era they interact with technology since childhood. If teachers want to 
keep up with their students in order to engage them with the content they need to learn, their teaching strategies need 
to be adapted to their students’ lifestyles (Arteaga Sánchez, Cortijo, & Javed, 2014). However, a significant 
discrepancy is still noticed between the potential of information technology to contribute to meaningful learning of 
mathematics; in generating positive attitudes among students therefore facilitating active learning, and the use made 
of these resources in regular classes. 
Within the basic training of a future engineer, mathematical knowledge plays a very important role and teachers 
must pay close attention to their way of teaching. Furthermore, Calculus, which deals with quantities approaching 
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other quantities, is a dynamic subject. Teaching and learning Calculus is even more difficult when only static images 
are used, no matter how good they are.  
Mathematical visualization is the process of forming images (either mentally, or with pencil and paper, or with 
the aid of technology) and using such images effectively for mathematical discovery and understanding. To achieve 
deep understanding, visualization cannot be isolated from the rest of mathematics. Students must learn how ideas 
can be represented symbolically, numerically, and graphically, and to move back and forth among these modes 
(Zimmerman & Cunningham, 1991). For example, students usually need to transform equations into Cartesian 
graphs. This kind of transformation is called "conversion". From a didactical point of view, only those students able 
to perform conversions do not confuse a mathematical object with its representation and can transfer their 
mathematical knowledge to other contexts different from the one of learning (Duval, 1999).  
In order to allow students to approach the mathematical concepts studied in a first course of Calculus, diverse 
GeoGebra Applets were designed, coordinating graphic and symbolic forms of representation. 
The aim of this paper is to show some animations of the fundamental concepts of Calculus, emphasizing the 
analysis of their geometric interpretations. These tools were designed for the Calculus I course at the Facultad 
Regional San Nicolás, Universidad Tecnológica Nacional, Argentina. It is possible to use or download the Applets 
by clicking on the resources button (Recursos, in Spanish) on the research group website, www.frsn.utn.edu.ar/gie. 
2. The GeoGebra Applets Description 
GeoGebra is a free software that brings together geometry, algebra and calculus allowing diverse representations 
of mathematical objects. Points, vectors, lines, conic sections and functions can be graphed and then dynamically 
modified. It is also possible to find derivatives and integrals of functions and to identify its singular points. 
GeoGebra is a practical easy-to-handle tool, which brings the possibility of creating learning objects that can range 
from simple graphs to dynamic web pages. GeoGebra is available from www.geogebra.org. 
To facilitate the visualization of the concepts taught in the course the following Applets were prepared.  
2.1. Limits 
The definition of the limit of a function f(x) as x approaches x0 is: 
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To visualize the geometric interpretation of (1) an Applet was prepared. This Applet contains a slider which 
renders the definition, which expresses the fact that “for all x which lie close enough to x0, f(x) lies as close to L as 
desired”. Steps 1, 2 and 3 show how, for a determined neighborhood of L, a neighborhood of x0 is determined. The 
remaining images illustrate how f(x) in the neighborhood of x0, belong to the neighborhood of L. Fig. 1 shows the 
last step. 
A similar Applet, for sided limits, was also prepared. Fig. 2 shows the last step for the definition of left side limit. 
In the Calculus I course, the concept of infinity appears for the first time in the study of limits. Learning problems 
arise quickly when analyzing infinite limits. Two Applets were prepared showing geometric interpretations of the 
infinite limit for finite variable (2) and the finite limit for infinite variable (3).  
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The same Applets are used to define horizontal and vertical asymptotes respectively. Figures 3 and 4 show the final 
step of each animation. 
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Fig. 1. Geometric interpretation of ordinary limits.  
 
Fig. 2. Geometric interpretation of sided limits. 
 
Fig. 3. Geometric interpretation of infinite limit for finite variable. 
1186   Marta Graciela Caligaris et al. /  Procedia - Social and Behavioral Sciences  174 ( 2015 )  1183 – 1188 
 
Fig. 4. Geometric interpretation of finite limit for infinite variable. 
2.2. Derivatives 
An Applet was designed for the geometric interpretation of the derivative of a function at a point x0, Eq. (4) 
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The slider in this case is the value of h approaching zero, both positive and negative h. The purpose of this Applet 
is to show how the slope of the secant line approaches the tangent line as the value of h tends to zero. Fig 5 presents 
an intermediate graphic of the animation. 
 
 
Fig. 5. Derivative of a function at a point. 
Fig. 6 shows the Applet prepared for the generation of the derivative function. It contains a slider representing 
different points x0 in an interval of the function domain.  
The graphics show a function and, as x0 changes, the corresponding tangent line and the value of its slope at each 
point using a dynamic text, and emphasize that the slope value at each point corresponds to the value of the 
derivative function. 
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Fig. 6. The derivative function. 
2.3. Integrals 
Figure 7 shows the geometrical interpretation of the definition of the definite integral. This is usually one of the 
most difficult to address from an educational point of view, because of its complexity. For this reason, it is common 
to find in textbooks a very simplified version of it, presenting only the case of a partition with intervals of equal 
length. 
 
 
 
 
 
 
 
 
 
Fig. 7. The definite integral definition. 
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The Applet shown in Fig. 7 may be used to present the most general case of Riemann sums, with a generic 
partition of the interval of integration. As the norm of the partition goes to zero; the integral sum is approximated 
geometrically and hence in numerical value by dynamic text, to the area under the curve f(x), since f(x) ≥ 0 over the 
interval [a, b]. 
Another concept that students generally find complicated is the integral function. It is not easy for them to 
assimilate that the variable of the function is in the upper limit of an integral. Fig. 8 shows an Applet that illustrates 
that the integral function depends on the upper limit of integration, and how it is constructed while this value 
changes. It also shows, through an interactive text in the bottom, the relationship between the integral function and 
the area under the curve f(x), in case that the function of the integrand is positive. 
 
 
Fig. 8. Integral function. 
3. Conclusions 
The graphics in books, as well as on the blackboard, are static and require students’ imagination adequately 
trained. When thinking about teaching strategies to discuss the fundamental concepts of Calculus, both its dynamic 
characteristics and the study of change and movement, have to be kept in mind. Nowadays, the existence of free 
programs with versatile capabilities and interactive representation helps to improve the presentation of content 
taught in this area of knowledge, allowing dynamic visualization. Thus, certain conversions of representation 
between registers, which allow students to approach the mathematical concepts, are propitiated. 
In conclusion, the incorporation of the GeoGebra Applets, and the teaching situations arising therefrom, is a 
much more effective teaching methodology than traditional one to facilitate the learning of the fundamental 
concepts of Calculus I at the Facultad Regional San Nicolás. 
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